—— —

me A ,r“mﬁ v mﬂyﬁyﬁm@g AT e

DG Ficopt

RADC-TR-80-9
In-House Report
February 1980

STATISTICAL CHARACTERIZATION
OF ROUGH TERRAIN

John F. Lennon
Robert J. Papa

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED

ROME AIR DEVELOPMENT CENTER
Air Force Systems Command
Griffiss Air Force Base, New York 13441

010

808 11




This report has been reviewed by the RADC Public Affairs Office (PA) and
is releasable to the National Technical Information Service (NTIS). At NTIS
it will be releasable to the general public, including foreign nations.

RADC-TR-80-9 has been reviewed and is approved for publicaticnm.

APPROVED: ;ijwpr\m:aJkg:ﬂf‘

PHILLIP BLACKSMITH, Chief
EM Techniques Branch
Electromagnetic Sciences Division

APPROVED: / J 7
ldtan i’ Hheel

ALLAN C. SCHELL o
Chief, Electromangetic Sciences Division

i gt 0

ey

it

FOR THE COMMANDER: /‘/f %Z 1

i JOHN P. HUSS
: Acting Chief, Plans Office

g 4

i
¥

&
= =
4 -
= gg
= If your address has changed or if you wish to be removed from the RADC mail- =
= ing list, or if the addressee 1s no longer employed by your organization, A§§
: please notify RADC (EEC), Hanscom AFB MA 01731. This will assist us in main- o
e taining a current mailing list. E
= =

E

Do not return this copy. Retain or destroy.

f

R R———————

il R




Unclassified
SECURITY CLASSIFICATION OF THIS PAGE (¥hen Date Entered) -
- READ INSTRU!, TIGNS
B REPORT DOCUMENTATION PAGE BEFORE COMPI LTING FORM
1 JFFW‘NTJEBER i 2. GOVY ACCESSION HO,i 3 RETIPIENT'S CATALOG KUMAER
i

~/RADC-TR-80%9 / 7 AD-PAOXT 7%

ATI TITLE Iand Aublitie) _ —

$. TYPE OF RUMCAT & FERIGS COVERED

-
F £

- | STATISTICAL CHARACTERIZATION / In-House
_| OF BOUGH TERRAIN ¢ /

; RS €. PERFORMING ODRG, REPORT NUMBER

W 8. CONTRACY OR GRANT NUMBER/(s}
H e S

- 7 o
“i John F. ALennon P e |

= ’g Robert J.!./Papa

c—==pt - - e omm me

9. PERFORMING ORGANIZATION NAME ANT ADDRESS 10. PROGRAM ELEMENT PROJECT, TASK

AREA & WORK UNIT NUMBERS
Deputy for Electronic Technology (RADC/EEC)
Hanscom AFB
Massachusetts 01731 .
11 CONTROLLING OFFICE NAME AND ADDRESS % = R
Deputy for Electronic Te suology (RADC/EEC) | |February 1880 .
Hanscom AFB - NUMBER OF PAGES >
Massachusetts 01731 42 s "L

MCNITORING AGENSY NAME & ADDRESS( diffetent from Controlling Otlice} 18 SECURITY CLASS. "sf tnis repcit.

Unclassified
153 DECLASSIFICATION COWNGRASING
SCHESULE

DISYRIOUTION STATEMENT fof this Repor!)

Approved for public release; distribution unlimited.

DISTRIBUTION STATEME?;‘ {of the abziract entersd in Block 29, H gillscent from Report)

SUPPLEMENTARY NOTES

KrYv HORDS LT on rse side if szary snd identliy by black number)
Topographic features

Terrain scattering

Statistical analysis

20 ABLTRZCT rCantlrur an reverss side Il necesaary and identily by block number}

A technique is presented to statistically characterize rough terrain sur-
faces. The approach is described in terms of a specific example but in prin-
ciple is quite general and can be adapted to fit any number of situations, The
starting point is the use of observed surface height data to generate statistical
paramelers for probability density functions (PDF) that potentially character=
ize the data. This involves the use of par: meter estimation techniques. The
estimated parameters are then used in an hypcthesis test to determine thebest
PDF for the given data. The accuracy of the analysis depends on the available

DD , 5355 1473

ST T QT

Unclassified
SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered;




Unclassified
SECURITY CLASSIFICATION OF THIS PAGE{When Date Entered)

\ 20, (Cont)

-.data, the estimators employed, and the determination of appropriate PDF's,
The example consists of a large number of terrain regions in an area of
eastern Massachusetts., Experimental data in the form of electromagnetic
scaitering from the surface are available for this site. Because of the numbey
of cases involved, the complexity of the muitivariate height distributions, and
the type of measurements available, only a single observation of the
multivariate data is used in the present analysis. Techniques to improve the
parameter estimation are being pursued. The results of the statistical
analysis in terms of mean height, variance, correlation, PDF, and a geologic
feature characterizing each subregion are presented, These will be used in
an electromagnetic scattering formulation to allow comparison with the
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Statistical Characterization of Rough Terrain

1. INTRODUCTION

In this report, a general technique for characterizing data will be developed.
To illustrate the procedure, a particular application to terrain features will be used
as an example,

The general problem we are formulating is the following. We consider a set
of data and whatever external requirements, results, experience, and limitations
are available, and propose statistical distributions which might characterize the
data. Next, we mathematically derive a multivariate joint probability dersity func-
tion, PDF, for each case. We then use statistical estimation theory tc evaluate
the parameters of the PDF's, and finally, we apply an hypothesis test to decide
which is the more appropriate PDF for the data set or subsets. This general pro-
cedure involves a number of topics and some further discussion may clarify these
aspects.

Consider some arbitrary, randomly distributed physical quantities:
Zl, Z'Z' e Zg—either discrete or continuocus. One set of measurements of these
physical quantities, consisting of one value of each of N variables: Zye Zgs eees ZN
is considered as a single representation of a random process governed by some
multivariate PDF. The PDF can have different forms, Gaussian, exponential,

{Received for publication 28 January 1980)
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uniform, binomial, and so on. Properties of the multivariate PDF are discussed
in numerous texts, such as Pa.poulis1 or Mood and Graybill. 2 In general, the PDF
is a function of several parameters such as the mean values of each of the variables

p.i, the variances oiz, and the covariances "ij' wherei= 1,2, ..., N, and
i=L2, ..., N,
When starting from observed values, the situation in its most general state

would be that neither the form of the PDF is known, nor the parameters which enter

into the expression for the PDF. In order to obtain some information on these

parameters, estimation theory is used. 3 The next question is that of the form of

the PDF in which the parameters are incorporated. This is not known a priori and

must be determined. An hypothesis teéting procedure is developed to accomplish this.

The particular hypothesis testing procedure selected in the present case allows

only a binary decision process to be considered. Hence, the discrimination is re-
stricted to two forms of the PDF. The test is based upon the maximum a posteriori
probability criterion.4 This is equivalent to the minimum error probability criter-

ion. The explicit mathematical expressions involved in the hypothesis test are

worked out for the case of choosing whether an N - variate Gaussian or exponential

PDF would be more likely to produce the occurrence of the data set [21]. However,
the procedure for hypothesis testing may be applied quite generally, Indeed, where
the number of cases allow, a better test would be to see which density would be

more likely to result in several realizations rather than the single one used here.

The specific problem used as an example in this report is that of characterizing

a large terrain region that is considered to be made up of smaller subareas

(~4 kmg)_ The main feature of interest is the distribution of heights within these

subregions. The nature of this specific problem places some constraints on the

form of the particular statistical analysis carried out for the report.

The goal of the particular case is the development of mathematical descriptions

of each of the subareas for use in calculation of the scattering of electromagnetic

waves from the uneven terrain surface. FEach region is characterized by a geologic

code and several statistical parameters. In particular, we are concerned with being

able to associate a PDF with the range of heights in the subregions and to deter-

mine parameters that make the general PDF explicit,

1. Papoulis, A. (1965) Probability, Random Variables and Stochastic Processes,
McGraw-Hill,

-
2. Mood, A.M., and Graybill, F_A. (1963) Introduction to the Theory of Statistics,
McGraw Hill,

3. Jenkins, G.M., and Watts, D.G, (1968) Spectral Analysis and Its Applications,
Holden-Day.

4. Whalen, A.D. (1971) Detection of Signals in Noise, Academic Press.
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The data set {zi] which is analyzed in detail in this report is such that each
value of the random variable corresponds to a point in the x - y plane, so that
z; = 2; (xk, yg)» wherei=1, 2, 3, ... N, and N is the total number of grid points
in the x - y plane. Here, Xy denotes the kth equally spaced x-~value along the
x-axis and y ¢ denotes the {th y-value along the y-axis, where k=1, 2, ..., \{ﬁ
and £=1, 2, ...., \{T\I- Thus, the N points are dis ributed in the x - y plane so
as to form a rectangular grid. This restricts the analysis to the class of data sets
where the covariance matrix

R on® <(zm - z) (z, -z)> (1

can be assumed to have the form:

2 2 .2
R =0 exp(-Tmn:T ) {2)

Q
]

variance <{(z_-Z){z -zZ)>
p p

mean value

N|
"

<>

denotes expectation value

-]
"

correlation length

[S-]

2 2 .
= - = -
Tmn x. xn) (ym yn) that is,

square of distance between grid point

(xm. ym) and point {xn. yn} .

The motivation for assuming a covariance matrix in the form given by Eq. (2)
arises because of the fact that it leads to a tractable mathematical expression for
the incoherent power that is scattered when an electromagnetic wave is reflected




from a rough surface. 5.6 .Then, the data set [zi] corresponds to the heights at
particular points on a rough surface,

Also, in the hypothesis testing procedure the binary decision process is worked
out in detail here for the case where the PDF is either an N - variable Gaussian or
exponential. This specialization is also motivated by the theory of electromagnetic
wave scattering from rough surfaces. 5.6

The performance of a radar system in detecting and tracking targets depends
upon the electromagnetic scattering characteristics of the terraia surrounding the
radar. Rough terrain will contribute to the radar clutter return and to the multi-

5,

path return which involves wave scattering from both the target and terrain
surrounding the radar. These two aspects can be described by the theory of scat-
tering from rough surfaces if the properties of the terrain surrounding the radar
are known. The properties of the terrain pertinent to rough surface scattering
include the form of the PDF for the surface height distribution, the correlation

length when Rmn is assumed to have the form given by Eq. (2), the mean surface

height, the variance in surface height, and the complex dielectric constant
characterizing the surface.

In this introduction, we have proposed a general technique for statistical
characterization and discussed how it has been applied to a specific case. The
particular external considerations used in defining appropriate forms and constraints
for the formulation have been included. In the main body of this report we will
develop the successive steps used in the analysis as exemplified by the terrain
height data characterization. The first aspect is the parameter estimation required
for the eventual selection of an appropriate PDF.

2. PARAMETER ESTIMATION

The starting point in these procedures is a data set or sc*s whi:ii are assumed
to represent samples characterized by appropriate PDF*s. For t2 example witk
which we are concerned our potential PDF's are Gaussian or ¢ .ponential. The first
step in discriminating between these is to construct estimators of the parameters
required for the two different densities. The estimators can be considered as func-
tions defined on the N-dimensional sample space. The particular estimate obtained
from the given data is then regarded as a realization of the random varizbles

5. Beckmanmn, P., and Spizzichino, A. (1963) The Scattering of Electromagnetic
Waves from Rough Surfaces, Macmillan Co.

6. Ruck, G.T., Barrick, D.E,, Stuart, W,D,, and Krichbaum, C.K. {1970}
Radar Cross Section Handbook, Vol. 2, Plenum Press.
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representing the estimator, The parameters which will be discussed are the
means p., the variances oiz. zad the covariance function yij' for the two possible
PDF's.

For a completely rigorous approach to estimation, we could use a technique
such as maximum likelihood estimation. That estimate of the parameter maxi-
mizes the probability of having obtained the observed values. However, when the
data represents a multivariate correlated distribution, the procedures for maxi-
mizing the likelihood functions become compiex? and reguire multiple observations
of the N-variate samples. As an alternative, we would consider the accuracy of
the estimator by minimizing the bias and/or variance of the estimator, which are
defined in terms of the lower order moments of the estimator PDF.

The bias of an estimator is defined as the difference between the true value of
the parameter and the expected value of the estimator. When the bias is zero, the
PDF of the estimator is centered exactly at the true value of the parameter, and
the estimator is termed unbiased. This implies that as the number of observations
increases, the estimate of a parameter approaches the true value of the parameter.
Also, if the variance of an estimator is small, the PDF of the estimator has a
narrower width centered around its mean value, If the bias and variance of an
estimator both tend to zero as the number of observations increases, then the esti-
mator is termed consistent. However, not all estimators are consisteni, since
reducing the variance may sometimes increase the bias. A compromise between
minimum variance and minimum bias is often achieved by minimizing the mean
square error of the estimator. The problem with this, however, is that assignment
of values to the bias and variance of the estimator depends on a knowledge of the
PDF of the estimator which in turn is related to the PDF of the variates. In general,
uniess the variates are independent with a Gaussian PDF, it is not easy fo establish
the appropriate PDF's for the parameter estimators and hence the bias and variance
cannot readily be evaluated,

For a specific problem, that is, a single terrain region which we describe by
a set of N height values, it would be possible to carry out p-repeated measurements
[z.}l, cees {z.} ilo of the N-variates at appropriate positions and then do a maxxmt‘...
likelihood estimate (mle) of the parameters along the lines suggested by ?«iornsan
for a multinormal case. If his analysis is extended to our multivariate exponential
case, though, we see that the mle for the mean and the covariance {and variance)
estimators are not as straightforward. Both forms would have to be calculated for
consistency. In our actual case, there are a multitude of regions each wit" differ-
ent density functions; then the full mle analysis would have to be done for each case
and again would become computationally unappealing.

7. Morrison, D.F. {1976) Multivariate Statistical Methods, McGraw-Hill.




This discussion has pointed out why we did not conduct an assessment of the
accuracy of the parameter estimators in any strict sense. This may not bé the
case for other situations and based on the particular circumstances, some assess-
ment of the confidence limits and error bounds may cause the user to select some
more appropriate forms for his estimators.

For our case of terrain heights, the number of subareas to be evaluated and
the difficulty of obtzining successive measurements of our N-variates that would
essentiaily be independent cbservations {given the digitized terrain maps available
for analysis) led us to the use of a single N-variate sample. We thus had to make
a number of assumptions. We have assumed that the mean height for each variate
is the same and the variances of each of the heights @bout their means also are
equal. With these assumptions it becomes reasonable to use the sample mean as
the estimator for the mean height:

7 = (1/N) 2

Zix., v.)
i=1 #F 171

and as the estimator for the variance, the sample variance:

& W

Z-am ), X (z.-ZP
izl B

where the mean is given by its estimated value,

In constructing an estimator for the covariance matrix parameter LA the
process is slightly more complicated. We assume that the height distribation is
stationary over the individual subregions, although the relations for distinct areas
may differ. This is a spatial equivalent {0 a time series that is stationary for some
interval although not over a very long duration. This again requires the means ard
variances of the PDF's to be independent of location in the subregion and the
covariances to be dependent only on a discrete separation factor for all spatial posi-
tions. This concept of position being introduced into the covariance relations has
been discussed in the introduction but there are a number of aspects to this depend-
ence which affect the form of the estimator, and hence chould be given further
attention.

The objective of our covariance analysis is to generate a functional form for
the covariance betv'een variates at two points of the grid structure that is based
solely on their separation {that is, the process is sctionary). In particular we
define a correlation length T, where T represents the distance at which a normalized
covariance function, ¢, has decreased to the value e ! where ¢ 2z * —:—; . Based

10




on the grid, Cr takes on discrete values and czz(o) = 1. For the calculation of
T, we assume a parabolic fall-off with distance and carry out a least squares fit
to the function. Separate x and y direction calculations were made and averaged
for uniformity. In addition, the fall-off is rapid enough so the least squares fits
were based o averaging the first \/ﬁ x and y separations respectively.

Oue implication of this procedure is that direct estimnation of the entire covari-
ance matrix was not carried out, As indicated, the short »ange covariances were
usedtodetermine aalue for T and subsequently the complete covariance matrix was

2 52
. . . - a2 “TonlT
estimated by appropriate functional dependence }/zz(m, n)=0"e¢ . If we
had not been interested in writing the covariance matrix in functional form we could
haéve chosen the alternative approach of specifying ;'zz (1) where as before

2 2, . : : : :
- - X - . i 4 .
17 n (x n T y,)" for every pair of variates in the terrain region

The actual forms used are:

YN ANk

&,y = (1/NG% | )
=

i=1

=1

VN ik
>

2 22| 0 L

ij

_xZ2

N

ap | VN V=K S N Kz
S9= N N 22 EY X Zylg |

i=1 =l i=1 j:k-}-]

Under the assumptions that have been made, including stationarity over the region,
the above forms fov the estimators are similar to the form used in Jenkins and
Watts. 3

The least squares results for these values give us correlation lengihs for the
x and y directions and their average is used as the value of T that applies to the
entire region. This then genera‘es the complete covariance matrix.

The whole question of the estimation theory used in the particular case dis-
cussed in the report is complex. Care should be exercised by other users of this
approach to apply estimators which are appropriate to their knowledge of the data
they are analyzing. In the present case we are in the process of considering the use
of multiple observations to establish better estimators for the parameters of the
probability density. A further question of interest is the relation of the estimators
to the outcome of the hypothesis testing procedure in which they are used. This
aspect is also being addressed.

In addition to the estimators, the hypothesis testing also requires the forms of
the PDF's being evaluated, The derivation of the two PDF's used in the present
example constitutes the next topic.
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3. MULTIVARIATE EXPONENTIAL PROBABILITY DENSITY

In our analysis of the terrain character’stics, we want to establish v:'l!f%ther the
heights within the selected regions are more closely distributed according to
Gaussian or exponential probabilities. As the first step in this determination we
selected estimators for the mean and variance of the distribution to be verified,
Here we establish the general N - variate forms for the two PDF's in which we are
interested., We are assuming that the N - variates are jointly distribvied and all
have the same mean and variance.

The form for the Gaussian multivariate PDF is well known. 2 Let

Z'= (2 1, zé ves zlé) be an N - dimensional random variable in vector form. Then

-1 _ ’ T =1, ¢
Pzl 20 0 2f) = (|511’2(2m“’2> e VA" - R -0 (g

where R is a positive definite symmetric matrix whose elements are constants and
U is a vector o= (u.l. Bos «oes pN) whose elements are constants,
For our case “i = i, ¥ i and the matrix R is ghe covariance matrix for the
S _ o2 . =~ _ Y
variates where Rij = cij’ T ¥iand pij —o—zl . Thus
1 Py o s e s PiN
Pay 1 s e e e Pon

- . . .

Note that the quadratic form for this case is given by

2

=@ -pirle -w.

To complete the analysis it is still necessary to derive an equivalent form for
a multivariate exponential PDF, In that case the appropriate coefficients will be
required. The general form would be
o, , -,z - wT Rz’ - w
PE (er 221 ) ZN) =C1e
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where the quadratic form is defined as in the case for the Gaussian PDF. The
question o be resolved before this can be used is what values must be assigned to
C1 and C,-

The values can be determined by evaluating the zeroth and second moment

integrals. For a probability density, the zeroth case must equal unity and the

second moment equals the variance. 7The two integrals turn out to be similar in

We first discuss the zeroth moment case and then

many aspects of their evaluation.

relate the second moment evaluation to that discussion.

The original integral has the form:

We substitute Z = (z ' - 1) and obtain:

, 1/2
o » -c,1zF r"1zj

1 = f dz. dz, +++» dz € ¥~~~
- ClJ.oo oC 1 2 N )

[s]

The next simplification uses the fact that the quadratic form is unchanged by

a coordinate transformation that diagonalizes the matrix 5-1., This transformation

can be achieved by a relation involving the eigenvalues, >‘i (i= 1, N) and corres~
1

ponding eigenvectors of R~ °, Let A be a matrix of eigenvectors, then Y = éTZ

reduces the quadratic form and the integral to:

2 1/2

2 2
© SCoIA YT F ALY F ottt ALY )

, 2%171 272 NN
J dypdyy-e-dnge :

oo

I°=C1f

For convenience we transform again to remove the eigenvalues from the exponent:

2.1/2

2, 2 .
~ColW S+ Wy e e W)

_1/2 o o
I,=Cy Ay mt 2y) .foé.._fmdwl dW, «-+ dwye

Up to this point the relation between successive sets of variables has been
clear. The actual evaluation of this integral requires an additional coordinate
transformation. For that case, the Jacobian will have to be considered in detail
as a result of the complexity of the relations between the two sets of variables,

This is discussed in Appendix A and only the result will be shown here.

g o

8. Hildebrand, F. B. (1965) Methods of Applied Mathematics, Prentice-Hall.
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=
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2 T

-C.r
-1/2 N-1 2 . N-2

I = ()\ A ) r e dr do sin 8 dfyy_
o Ay f fo 1 -{) N-1%N-1

T

. fsine de or
A 2 %g
T T
. . . N-2 -, N-3

1, = AN) 21rC e, N (v-1y: _£S1n Oy.1 46y_q jo sin” "~ 0y _,

7

doy_g " {sin qd8,.

After considerable mathematical manipulation, a closed form solution is obtain-
able. The details of its evaluation are presented in Appendix B, The end result is

o= 2@ 2o, e a0 2 rave, c;N/r(le) -1, (8)

This gives us the first of the two relations for the two unknown quantities C1 and C,.
For the other relation we consider the second moment integral for each of the

individual variates:

T -1, ¢ 1/2
0 © ~Col(z" -p)" R 7 (2"~ )]
o 2 e ' 2 2% &7 X ~ o~ 7 r .. ’
Lz))=0°=C, :f” !uo (2}~ p)€ dz; dzj+-- dz.y .
N
a2 . ’
Note that N0~ = Z 12(2i ). After a change of variables we have:
i=1
T 1/2
0 0 2 9 -C [Z R™ Z]
=C1_f -fw 2,242,040 4 2 5e dZ .o dZ.

As in the previous case we next decorrelate the variables using the eigenvector
matrix transformation. Here though, there is the additional muitiplying term which

iias to be considered, Note that 212 + 222 +oeve ¢ ZN2 = ZTZ and Z = A ¥

Then
T AT T2 2, 2
Yy ANAY) =y yEyy Yyt ¥y -

If we again use the relation Wi2 = )\i yi2 we have:

2, RNE S LA
=Cyrg e g™

2
e "CaV

A DAY

R Y
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As before, the relations discussed in Appendix A are used to carry out a final
transformation. The corresponding detailed evaluation of the integral is covered
in Appendix B and the end result is

N
2 2 20 - -
Nz 2N 2o, a0 2reven 3 Aty (N*Z’/r(le).

i=1

9

This is the required second relation for the two unknowns.
N

To simplify we note that Z Ai"l is the trace of the inverse of R} or
N i=1 -
Yoy l=re @ e () = No
i=1 -
Suhstitution and rearrangement leads to the result:

N+1 N-1 ~1
c, =[R2 @77 en Tz r &) V2,

C,2 = (N+1); and finally

|1/2

N+1 N-1 -1
Py (2}, 25 o 2 = [IRIYZ @77 em —7 rEFL)]

1/2

o I+ @ - R @ - ) (10)

(N+1)' @ .

We have now arrived at the fortn of our N -variate exponential PDF. Some
final comment as to PE(z;, zé cees z&) satisfying the requirements of a probability
density function may be appropriate, First, the zeroth moment relation was chosen
to satisfy the requirement that the cumulative distribution over all space be unity,
Secondly, since the quadratic form is non-negative and R is positive definite, this
implies 0 = P (z{, zé. eees zg‘,) £ 1. Thus, the criteria for a probability density
are indeed satisfied by this form.

The determination ot the appropriate expressions for the two probability
densities in which we are interested allows us to proceed to the actual incorporation
of these results into a test for their degree-of-fit to the data. This will be the

subject of the next section.

4. HYPOTHESIS TEST

As has been discussed in the introduction, the concern for our particular case
is to determine whether the various terrain subregions are better described by a
Gaussian or exponential PDF. This binary decision could be generalized depending
on the data involved and indeed, could even be made a more complex decision pro-
cess if the appropriate criteria are available.

15




The formof thehypothesistest usedhere is based onthe maximum a posteriori

probability criﬂl:erion.4 This is equivalent to a minimum error probability criterion.

We assign hypothesis H1 to the Gaussian case and hypothesis H o to the exponential.
Then the likelihood ratio parameter,

Let P (HO) be the probability that hypothesis Ho is true. Then the decision rule
may be written as: Choose Hi if
P(H)
0 .
1- HO

y >
A =

For our case we assume that it is equally likely that hypothesis H, or Ho is true

and the decision rule reduces to whether or not A 2 1. Note that ilt may be possible
to alter the probability that Ho is true based on external evidence (such as the type
of terrain).

This formulation represents the decision as a quotient of the two PDF's of
interest. The next step is to derive the specific test ratio by introducing the two

expressions for the N-variate joint PDF's from Eq. (6) and Eq. (10):

N+1 N-1 F(N+1)\ _Qz
P [1rlY2) % @n) 2 A -

(21;)N/2 ‘RIIIZ (N+1)N{2 /e_ r—‘-x% 1Q

where again Q2 = (z'- L.L)T I}_'I (z’- p). After some manipulation this reduces to:

rzly (N+ 1/2 _%(Q N Fe
\,? (N;I)NIZ -

o4

A:i:
P
o

For convenience, we rewrite the test in logarithmic form and assert that H1

is true if {n X Z 0. We then have the result: H1 is true if

-3 @- N D22 Jena - fan + Fen &L aa [r &3]




For the data sets used in the example of this report N = 100 s0 we can translate
the decision parameter to a specific value for this case, We then say that the

terrain heights in a given subregion are distributed according to a Gaussian PDF

provided

85.01=(z - p)

R Yz~ w s 11837

and correspondingly, the heights are better described by the exponential PDF
2 2
when Q@™ > 118,37 or @~ < 85,01

Since the hypothesis test has been formulated in terms of the quadratic form,

©

Q‘g, the characterization of the various subregions depends on the determination of

that quantity for the respective data subsets. The next section addresses this

question by pointing out some of the computational complications associated with

these large, jointly distributed data sets.

5. POSITIVE DEFINITENESS OF COVARIANCE MATRIX AND
PROBLEMS OF INVERTING LARGE MATRICES

It is important in these studies to explicitly demonstrate the positive definite-

ness of the quadratic form

R (z

This is necessary {or two reasons: (1) The positive definiteness of Q2 insures that
the functional forms for both the Gaussian and exponential N -variate PDF's are
such that they satisfy the requirerr;ents of a true mathematical probability density
fun;:tion. (2) the quadratic form Q contains the inverse of the covariance matrix
R

computer. If, however, K is both positive definite and symmetric then special,

. If the matrix R is large there can be difficulties inverting it on a digital

particularly efficient algorithms exist for the inversion process.

We will first address this latter aspect. For the purposes of the proof we

consider a more general form which involves the matrix R rather than R—l-

52= UTQE*

~




where u is any N-dimensional vector and (*) denotes complex conjugate. Further-

more, by definition, 82 is positive definite if BT R L‘* Z 0, where the equality
holds if and only if u is identically equal to the zero vector.

Now, as the first step in showing that 52 is positive definmite, we use the well
known formula for the Fourier transform of a Gaussian function

© 3 . L2
f ot Giwt g =‘r_(_7:la)c.-"" {4c an
- 00

where Re (a} > 0. +2 ,T2

This is introduced as a result of our assumption thatR = o2@ mp

Relating the Gaussian form to our correlation case we note that the distance
between the ordinates is equally spaced in the x - y plane so

'Ay')2 (m - n)2

Y - yn)z

and likewise for the distance between abscissae

2 a2, 2
(xm-xn) = (Ax)" (m -n) .
Let &, = (1/4) (T/Ax)z and a, * (1/4) (’ll‘lAy)2 so that
2,2 2 .
-{x_-x)IT w =-@a,t ilm -n)t
e m M = Vem [ e 'le Lat, (12a)
- o
and
2,..2 2 .
_(y -y ) /T _ 3 - t l(m‘n)t
e m 'R = v(azlri) f e %2 e gdtz_ (12b)
- 30
.l:h-ta
s*= ' Ry’
Ny 3 « -(xm—xn)‘?l‘l‘2 -(yn,l-yn)zl'l‘2
s e .
m n
m=1 n=l
N XN « (N » » ilm-n}t, i(m-nit, "’1t12'“2t22
=Z Z uou = f dtlf dtze e e
-0 -0

2 2 N . N .
,’a @\ o o -a.t.” ~agt im{t, +t.) 2 -in{t +t,)
172\ r 11 2°2 2: 1772 * 1°°2
= (—T—) J_a f dty e f Un € ZI U, ®
- = = n-=
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This leads to the result

: 2 2 1w : 2
a,a ‘0 ° -t -a,t, N il @t +t,)
2 _ ’ 1%2 T %1h 2%2 lz 17t
S - ——1;2— _Jw dtl !w dtzb ule » (14)

£=1

and thus 32 2 0, It remains to be shown that S2 0iff u= 0. Trivially, if

u=0, 52 = 0. Also, ifS ‘.:. Ru= henz u = 0 follows from above

where t = Ly * ity Next, mtroducmg succe:;swe complex conjugates of the exponen-
_i& &
R Oy Thus z u, ekl = o implies
o £=1
=0fork=1,2, ---, N so that S =0 iff u is equal to the zero vector and we

tial and integrating yields f

Yk ®
have completed the proof that the quadratic form S is positive definite, (Part of

this proof is based upon the work of Fante. 9)

52 being positive definite implies that the eigenvalues A, of the matrix R are
all positive. Also, if A, is an eigenvalue of R, i= 1, ..., \z, then the eigenvalues
of R™!
R"l will be posmvo definite. 8 Smce Q = (z u) (z - .’;‘) is an exampie
where the vectors are real, then Q is positive dehmte.

The next topic is that of matrix inversion. The data sets analyzed in this re-
port were such that N = 100, so that the matrix R to be inverted was of order
100 by 100 elements having an extended range of magnitude. This combination can

are )\ and these are all posnwe. Thus a quadratxc form associated with

introduce complications to the inversion process.

The first technique used for inversion was a Cholesky reduction or square root
method (Forsythe and iloler, 10 pp 14 et seq). The specific algorithm that was
used required that R be symmetric and positive definite. Both of these criteria
are satisfied. Because the matrix R was particularly large, round-off error
accumulated during the Cholesky reduction was sc large that the verification of the
inverse based on R - B-l = 1, the unit matrix, resulteu in a matrix with off diagonal
elements sometimes greater than one, instead of 107! or less which would be
expected for the computer used.

To circumvent this loss in accuracy, the more conventional Gauss elimination
method with pivoting was used (Forsythe and .\Iolerlo). Also, double-precision

accuracy was retained in the computational proczdure. When this also had unreli-

able results in some cases, a threshold value of 10'3 was set so that any element

in the R matrix less than or equal to the threshold was automatically set equal to
zero. When these procedures were applied to the inversion problem, R times R-l
9. Fante, R.L., Private communication,

10. Forsvthe, G., and Moler, C.B. (1967) Computer Solution of Linear Algebraic
Svstems, Prentice~Hall, pp 114 et seq.
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2

yielded a matrix whose diagonal elements were equal to 1+ ¢, wheree¢ ~ 10-1
and the off-diagonal elements were ~¢.

There are numerous techniques for improving the accuracy when obtaining the
inverse of a matrix. References Forsythe and Molerm and Berezin and Zhidkovu
discuss at least a dozen methods. The choice of a particular method depends upon
the peculiar properties of the original matrix (that is, the order of the matrix,
positive definiteness, symmetry, size of matrix elements, and so on), Another
factor in the choice of an inversion method depends upon trade-offs in computer
storage requirements vs computation time.

In applying the procedure outlined in this report to other data sets and PDF's,
the appropriate forms of the correlation of the variates have to be considered and
individual decisions made a2s to inversion procedures where necessary.

6. STATISTICAL CHARACTERIZATION OF A SPECIFIC SITE

The specific example used in this report is a site in Eastern Massachusetts
selected because electromagnetic scattering data from the terrain is available. 12
A rectangular area around the Discrete Address Beacon System (DABS) site was
designated. The rectangular area was 43.3 km long and 42. 8 km wide. The
rectangular area was then subdivided intc smaller rectangular cells, each with
sides of 2050 m by 1852 m. Each cell is then further subdivided into a 10 by 10
grid of points. A data base of topographic elevations for this area is available at
the Electromagnetic Compatibility Analysis Center (ECAC). This was prepared
from Defense Mapping Agency (CMA) supplied digitized terrain maps at 1:250, 000
scale size.

The statistical analysis techniques discussed in Sections 2 and 4 of this report
were then applied to each cell, where now [2;] represents the set of topographic
elevations at the grid points in each cell (i= 1, 2, 3, .... 100}, In addition to
parameter estimates, each cell has a geologic feature code associated with it,
Table 1 indicates the particular geologic codes used.

Table 2 indicates the results of applying the statistical procedures indicated in
this report to the DABS radar site. The rectangular region was subdivided into
528 cells, with twenty-two cells extending along the x-axis of the grid and twenty-four
cells extending along the v-axis. The (x, y) coordinates of a particulsr cell are
referenced with respect to the center of that cell. The origin of the (x, ¥) coor-
dinate system is taken at the center of the cell in the extreme southwest corner

11. Berezin, L. S., and Zhidkov, N.P. (1965) Computing Methods, Vol. LI,
Pergamon Press.

12, McGarty, T.P. (1974) Models of Multipath Propagation Effects in a Ground-to-
Air Surveillance System, AD 777241,
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of the rectangular region (see Figure 1). In Table 2, the columns labelled X and Y
refer to the (x, y) coordinates of a particular cell. The indexing of the cells is
such that as one moves down the X and Y columns, increments equal to one cell

length in the x-direction are taken with the y-coordinate fixed until the extreme

eastern edge of the rectangular region is reached (see Figure 1). Then, the

sequencing returns to the extreme western edge with the y-coordinate increased by

one cell width and increments again are taken in the x~direction, This procedure

is repeated until the extreme northeast corner is reached.

The column labelled IC contains the geologic codes. The column labelled
SIG lists the mean heights. VAR refers to the variance in surface height, TA to
the correlation ength and TEST to the results of the hypothesis testing procedure.
The units of length are in meters.

It may be recailed from Section 4 that (since TEST = Q2 - 118.37} the heights
in a given region are Gaussian distributed when -33,36 £ TEST = 0, 0 and exponen-
tially distributed otherwise. When TEST = 0.0 and VAR is very small, the region
is essertially a smooth surface (no roughness).

One observation that can be made is that when the magnitude of TEST is very
large, so is the correlation length; TA for those cases is comparable to one-half
the cell size or even larger. When that occurs, the determinant of the covariance
matrix I_i becomes very small. As a result it becomes more difficult to obtain an
accurate inverse of R due to rapid build-up of round-off error. A related problem
with the results is that for some cases TEST < -118.37. This could only occur if
the quadratic form, Q2 were not positive definite. This contradiction of that
theoretically imposed condition suggests the presence of additiona! machine-induced
errors. Those results can not be valid. Further investigations of these asgpects
are being conducted, along with assessment of the parameter estimation techniques.,

In order to use these results in the rough surface electromagnetic calculations,
one additional aspect should be noted. For the types of geological features that
describe the respective regions, data exists on the associated complex dielectric :
constants at microwave frequencies. 13,14 i

13. Lytle, R.J. (1974) Measurement of earth medium electrical characteristics:
Techniques, results and applications, IEEE Trans. on Geoscience
Electronics, GE-12:81.

14. Long, M.W. (1975) Radar Reflectivity of Land and Sea, Lexington Books.




Table 1. Geologic Code for the Site

0 - Sea Water 1 - Cleared Area

1 - Woods 5 - Town (City)

2 - Swamp 6 - Road

3 -~ Lzke 7 - Intermittent Lakeé

[——

>

“The Massachusetts area has few true inter-
mittent lakes. The code was used wher many
smali} lakes or ponds appear in a cell (rather
than a large, all water cell).

RECTANGULAR REGION

HORTH

Figure 1. Subdivision of Site

Into Sample Regions
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Table 2. Details of the Statistical Analys!s

X Y 1C SIG VAR TA TEST
v1.:8.0 0.0 1 34ice 07 ’ses‘nz «S37E 403 53R E404
20511 1.6 1 SIHGELS2 «BILE4 Q2 «4B1E4QT «130E+04
%102.2 D40 1 sl6tTene «1RFE+L2 «L22E403 «Z5CE+D4
51537 0.0 o «1105403 «11CE+03 +492E403 «90LE+03
8204k Us0 i «i116%+03 « 26EE+02 «431EH03 - Ta3E404
11255.5 EN = «1155402 «177E+03 «43EE+D3 .11a£+na

1270€.¢6 Te 0 A «2TRE4? + 32ZE 402 SLHEAEN3 +I2EE205
14357,.7 0.0 1 +111E+0% +S30E+02 «LGBE+03 .3asz*un
15608, ¢ 2,0 1 A0ecary «24CE+L? +HECE4D3 - I10EeD4
28459.9 0.9 1 8257 +92 «162E+03 «629E+402 SEEQE+0S
Z20%11.0 8.0 3 LEGresn +EXTE+0? «L1TE4RZ L7CEEDS
2¢552.4 0.0 1 S E7Te07 «86EE+02 «6BOE403 - 3I77E+405
24F13.2 8.0 2 €17 F N + 27 CE-(9 «52LE403 0.

25664.3 L4 £ «TGITH+o2 s E7RE+CH » 6TZERZ +1B1E+86
287154 N i «SA7E+02 +617E401 +SE0EH8S < 27AE+E5
3976€.5 0.9 5 « 205407 «SLOE+C2 STRIE+QZ «372E487
32817.6 0.0 1 o41PEF 07 « BTLE+TY CHBIEITI W3TEHNS
348637 2.8 5 k115402 «TASE+ (1 H17E+483 «3SLEHTY
36913.8 0.0 1 «588F+02 «282€402 «TRIEFD3 +14BETD8
38970.3 8.0 1 2ETIF4G2 «287E+02 «525E483 +10SESSS
§1822.0 P 4 g +E17Ee27 «SLLE+02 s LLIE4RI «GILE+E3
£3973.1 0.0 H +£QETa0? +231E+03 «HGI1E+D3 «1S0E+84

0.0 {851,¢ i 1625403 «108E+ 03 «583EM3 «TECE+E4
205141 1851 .¢ 1 148 T4 02 « 2206403 .~35£+|3 ~o280E+83

T8172.2 1851,€ 1 «I€3EeNT «SLEE+D3 S60E4E3 - 1GTE+ES
5153,.3 1851.6 1 «12RE+N2 «203+03 .?832*33 s167E+88
§204.4 1854,6 1 +OETTRL2 «11 28402 +STREHT - EFSEIIL

10255,5 1851.6 ke «CUGTe 2 «11CE+C3 +453E402 o EBEE+S4

17306.6 1851.6 % +162E+n2 «338E+ 02 +E6TET «3UEESTE

14357,7 1851,6 1 «126T40% 2 AL TE402 +ESTE4DI ~,13PE#06

8.8 1851.6 1 «186FsgT U SE+D2 «4E9E 43 +33SE+ 94
18653.9 1851, € 1 +1137e02 +104LE+ 2 «S72E483 +19%E486
29511.0 i{#541.6 1 +73RT+02 «S9FE+ 02 «WT71E+03 «2¥TE+DS
2256%.1 1851,6 2 «T§RT4AY «8SEEHC2 «SI1E403 +ETCE+8S
28613.2 1851.6 F «E22Fs 02 « BLTE+(1 <TGOEHRT +EITE+ES
26664.3 1851.6 > +ELEC 02 « R16E+ 2 .511g¢i3 +112E485
Z8715.% i#51,6 5 +ENTT 402 »ATLE+D2 R MSE+S3 +SSOE+84
307665 1851.6 5 oF17EpLE «SETE+D2 SBWDYEDT - 1226485
33817+ ¢ 1851,6 ® SUBTTEP2 «SILE+DZ +LTCEHS «13BE+DS
34868.7 1851,¢€ 5 «MPRELQ2 +QhiE+02 +SLBEE3  <,307E406
36919.8 1851,6 % #0074 82 «hLZESL2 +6R9E+E3 +IZEEVEE
35970.9 1_§_51.5 L] +¥955+02 « 31 2E+02 « BOGE+D3 -.5915*.5
ST ] 1854.6 % «ETIF+02 «SH7E+02 «E7IE483 «ISTE+ES
&3073.1 1851.6 5 «E63T402 «165E+03 «I7AE403 +187E+84%

) 3703.2 7 +176Ee 02 «511E+02 «TIE+03 +593E+06
2051.1 370342 7 «IMEFer2 . H20E+53 «639E+483 SSNGE+ES
419252 0.2 7 +16ETen 3506402 +%62E 83 «181E+84%
5153,3 703.2 & 1728407 « OLEE+ 02 +3TEE+R3 «STTE483
$20keb 3703.2 1 «96RT+02 ° I2ET+D3 «7S59E403  SAGYESET

19255.¢ 3703,2 1 «797T¢ 82 «170E+03 «TLIENT «111E407

1230646 73,2 1 «112F¢03 +«H1EE+ 03 «S62E483 = GUSE+BN

14357.7 WMot & +1L7TeLT « 2TCE+C2 «3GEESD2 ohiZE+03

16408.8 I702.2 7 eit1074F3 » TiCE+r3 +S8TE3 «111E485

18459,9 I70%.2 1 +10tFe 07 -§?f§¢Q3 «R&3IE4D3 «7U3E+83

29511.9 hid k1% 1 « 75T+ 02 +«214E+02 +&32E+83 - JTTQECDS

22562.1 793, 2 1 +«9%2F02 * 243E+03 +SI2EHE3 ~.135F+83

26613,7 71557 5 +EETTe 2 « 2ELE+D2 «G5E+83 VZ1SENER

2666%.3 2703.2 s £7307402 «51SE+02 N4 3E+E3 oE2TESDS

28715.% 703, 2 1 <FESEs D «SILE+52 LSLE+IS «78ZES 5L

3075645 3703.2 1 <5885+ 02 ,5565*?2 THOEHNT  GE7IE+D3

E17.6 O, 2 % LTRESD? « 87LE+02 .&6@&!3 170N

34868,7 3703, 2 . 4505402 sLWOTE+02 sHTRE4D3 SUS1EsRN

36919.8 3793.2 - N LR «197Ee 82 «SL16E+3 o122E485

2397349 3713.2 & «EOECe 07 2 71TEeE2 «611E+83 S279E+85

&1022. ¢ 7932 i <RENESD? «ERTTR02 +BA9E+RS +B11E¢8A

30731 AT0Y, 2 s « XTESL2 «ISTEHR? «4%52E+83

+CHTITe 0D




Table 2. Details of the Statistical Analysis (Tont)
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2666%,3
2AT715 .4
21755,5
32817.5
34863,7
36919.6
38077,.¢
41022,0
5£3073.1
EN
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_6153,12
3204.4
13255,5
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€258, 0
GZERLG
czen,L
€z5E,.n
€258, 0
C258.9
crcE, 0
£258,0
czee, ¢
€758, "
g7E8, 0
$258,0
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#1735E4 03
«TBETen*
e1¥5Te0Y
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. Ei?g“ 9?
2157407
«177Te37
$TRITH0T
STEIZMIZ
$ 23 epn2
JTETTL0Z
2 HFITeg
«ELSIe N2
dlTZ a0
J3277eq7
. 2705827
LILTHTZ
SLETTeD?
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«171Z4 02
eILIfeLE
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oTETTEAT
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oiGizen?
It TENT
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+ERTZT4nD

ohT2E402
o 6E2T4DD
o LIRTHP2
g1 e
«&i®Te07
ebZRTerZ
«UTLI#TE
¢« TITTEDY
«1737403T
e179T4RT
+JE"Te0Z
o« 0L D2
oCEBFHLE
P+ il A
«127Ca 02
+117F4 0T
e1TET4RT
o FEBTETE
«134TeaT

R T

«S¥OT497
«TETTe 02
chibT4+82
okBATI T

&bZEs0T
« B EE+DD
« 226403
«1Z4LEL
«BWSEET3
«R11E+02
E2TTE+TT
«BL1E433
+« XZ1E+02
e 1H0E652
~EBEEeL2
« ITIESZ2
«25554(32
«TTIE+E2
«16CE+D3
«122E+02
+SGEEsNY
«G2EEeLY
«153E+L2
<EREE+G2
«171E+032
«147E+93
+S7EE+B2
«273E403
«35CCe L2
«RQTELL2
« 298403
«SaCEeOZ
«370E+92
» IZEESRT
«3T7EE+E3
«IILE+L2
« 5178412
+SOrEs Q2
+22CEe02
« 1528402
«137E2 (2
«277E402
<HETEREZ
UG 3Esn2
« 23 EF P2
shb7E4D1L
«B7¢EsTL
« E7EE4LY
«MB3IT+0X
+EROE+B3
«L2FE+02
+BS2EE+R2
-« 1HLE+03
« 12EE+32
e 3 FESD2
P S 2
« JELESD?
«151E+83
«11EE+C 2
«1655E+03
«Z33ES2
«S4EE+0L
« 3P72E+52
+ ETSES22
«$1FE4pY
«1iCE#{T
shkbfsp?
«ALFESLE
«517E%01
«<G1€ES0L

+620E493
«LIEE+B3
o LTEE+23
«SIIE4J2
-78BE+B3
+LLTEH3
SE7EHQ2
«541E+03
+ELGEES
s LZ21E453
«77IEQ2
<E6SE403
«HISES]3
“HUTE4L3
«LZ2BE403
«37SE+Q2
«3FIL403
JUTEE4DY
+270E+82
«551E+83
«652E433
«G4SZE4E
<SLBE+82
«362E43
«SEZE+R2
+643E+483
+86TE+3
053550'3
+H53E432
+RREE4D2
«<HBBE203
«E21E482
+ #53E4RY
«3GEE482
o ELLES3
«5X3E3
«4Z2EEN3
«J2&E+483
«SZIE483
«S2ZE+83
2L PIEART
«SREE4E3
<ERIE4DZ
«GRIEAB2
« 72GE483
o THEE+RY
«SL5E433
+TTEE4RY
s h2RESE2
«E2CERT
«E17E83
«SEME4D3
«6GROE403
«EZTERY
«TEBE 483
«HSTESEY
«HEIE4BY
- JGEE 482
«HITERT
<HTEESSZ
«HTSERY
+ESIELRY
«AX1E 4R
«HTHEH3
«SEIE+DY
+IEEENY

«S11E+85
«1DEE+BL
+J96E+85
~e26bEt0&
~oLBGEMGE
-.237E403
~=3105E405
«SOTE+QL
«1G4E+06
«162Es8%
&L23E407
«GISE4Q5.
«173E+07
~ei11E+BG
«129E+40%
«7B5Ee83
«25RE+8L
~«119E483
«ZBSE4Y3
- I6TESD5.
«225E406
s76REL RS
~aG2CE+ES
~s369E483
-+183EsD%
«SZ2EE484
~G3CE+RT
~eIutfsgtn_
«&B2E4 84
G TE4RE

«S1EEslS
A788Es92
+1Z22E486
-«EX1Ee03
«ETHE S
«5S84EL05
«227E+85
+113E485
<I1EZE+8S
WSEsES
+&BEESRE
«I78EARE
«TIS5E4+06
~75SEART
+17EE+RS
«183E+85
-+ S9TE+ES
«~LGEESRS
<ISTE+ES
~«166E485
«1XTE+06
«335E+36
«=55E+8Y
«15CSE+85
«3I81Ee87
«Z28LE483
«I1ZE+23
«138E+06
-1 YNE+DS
«IRSES
+129E+26
+IB8EE*R3
-« 278EH5
«JREE+D
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Table 2, Details of the Statistical Analysis (Count)
X Y I S8IG VAR TA TEST
0.8 11109.5 v 02465403 ¢« 8556403 o578E403  ~,759E405
20514 111§9.6 1 R LN s ZILE+DI +ELRE+]3 «115E+06
4i03.2  11140¢.6 & LinRELr? +15ZE+E 2 SE50E403 +S19E+03 |
$153.3  11109.6 3 106540 +200E+03 +6LOE+03 +220E406
32044  {1189,6 1 106°407 «1E7E+02 «S51BE+0 2 «I1CEFDG
10255.5  11139.6 1 11177492 +92EE402 «S31E+03 .gzggynu
iZ%8.e  1i1%¢,8 A JEdifens +18EE+03 SENE+E3 -, FIVEHOT
14357,7  11109.6 5 SE71EL Q2 +SLCE+03 HBRE+D3 «160E406
Tenda, g 1413946 & st1icanz +11FE4G2 +325E403 +2LUE4D3
13459.9 111096 A 127¢w" 2 S A IEHL 2 +SSRE+RR oEL 12404
7A511.0 11109.¢ 4 4LFe 7 « 74402 +739E+03 e233E+07
272562,1 111096 4 fOTET 02 2 12FE+03 +UBDE4D3 «BI7E4D3
2uh1¥,2  11109.8 ? «769T402 «T2E+02 +435E403 «108E+04
25664.2 1110946 3 «7BRTED2 G7EE402 «352E403 «349E+03
ZA7{5,4  11109.6 1 «PURE402 JSLIE402 «LEHTE+D3 o 7T0BE+0L
30766.5 111096 1 WRQLTer? +1LEE+C3 WW27E40T «oL3EBE4DL
32817.6 11109.6 1 JELRTE 2 2 O22E4L2 J4B3E+D3 o15LEVGY
24BR3.7 1110945 1 $§725409 « 11EE+DT «673E+02 «179E406
3591978  111d9,5 1 «h11%402 +55LE+01 +T62E403 - 7BEEF0T
38973.9  11109.€ 1 WIRFFRCE o L7ZE4Q2 «6B7E+03  ~,635E406
41022.0  11109.6 5 JUETT4CT s L1IE4L2 «FUEE+DT 2I7EION
43077.4  11106.6 H UBLTE 0P +393E+02 «520E4+03 .1§g§405
0,0  12961.2 ’ «22Te 07 « 2256404 «626E403 =, EBSEH07-
2051.1 129612 1 +1357407 +178E403 WUBSE+DT o S29E+04
6122, 12981.° " +10054073 «BHEE402 «372E+03 SLUIESGT
_5153.3  12951.2 5 W 1277403 e P0ES+0 JUUIE+D3 +T86E+03
B2oh.4  179B1.7 M Ji4rcanz «Bi1ZE+(? +TT7EE4DZ «207E+07
10265,5 17961,% 2 s11454%2 2 SHRE4C2 dULEEHQT #552E+04_
13306 12961,7 1 JTREELNZ cUO2E+D2 «SBLED3 *154E+05
14%57,7 12661,2 5 11402 «157E+03 +EL2E+DY «226E+06
1564598 12961,2 & « 3037402 +226E+03 «USLE+DD «4BTEDE
18459,4  12951,2 = 2 89ET4 07 + 11 FE+03 WLEBE4DY 0593E+04
20511.0 12961.2 1 +10R5403 +A11€403 420403 Y I TN
27552.4  12961.2 1 ?TLERT? W17 TE4(2 +35QE+03 «351E+03
264613.,2 12961,2 1 JBEFTpO7 B LE+(2 » IBBE+0Y sU1ZE4D3
2665443 1296147 4 WBUITEDD +136E403 +334E+03 «603E403_
PIT15,4 12961.2 1 «HAET400 o PLCE4Q2 LETE+DS «IL1E+EG
31766.F  12961.2 1 WE277402 +112E403 «635E+403 *261E407.
281745 1296142 = N ST «BE1E+G2 «521E+03 «313E+05
3L4868,7  12961.2 ? 2BERTH02 +BREE+D2 +534E403 «E63E+0L
36919.8 17961,2 1 «CLLERN? + LEIE+ D2 WJS6TEHD3 -, 205E¥0S
33077,9 1296142 7 04035402 «222E402 s UTLUE4BT = 4SOEE+03
41072.,0  12961.? s 4I2T40? o 1ELE+D? «I7EE+D3 <E3LE+T3
43073.4  12964,2 5 CELUTHD? «S07E+402 +569E403  ~4562E+04_
9.0 14812.8 5 JEOFELDT +1902E+04 «T2EE+DI +289E407
205141 1481Z.8 = 1790403 » 3CEH03 JUETED3 «SUTE+ON
“H17Z.2 1i813.8 e 1145407 « 27EE403 «552E+03 +351E+04
_5153,%  14812,8 5 1407403 +2QTE403 +BBLE+D3 «20CE+06_
530u.4  fuBi2.e 7 410574032 «89TE+D2 «STOE+03 «ZLBE+DS
11255.5 14812, 7 +EEFTen? «E7LE+02 +4B7E+D3 «B33E+IY
17306.6 1h8{2.8 1 $ 7525402 + 023402 .azos+03 +791E+0F’
141357, 7 14842, 8 1 REOCEN? «11CE453 SS4ED3 «135E+03
16403, 14812,8 i JTELELnZ « 2936+ 02 .usze+or +835E+0%
1au59.9 14812.8 5 «BENTLD2 +3LLE+02 +«BROE+D3 «657E406
2U511,0 the12,8 4 «G00%402 WO13E402 «4IGE403 «22CE+0 T
22562.4 14812.8 ? «78P7402 «20EE403 +U52E+03 «B88E403
Zueidz iuf127R K P TERELPD «563E+02 ~LULE+DD «76EE+04
26664.3 14812,8 > «P3GEL0? W B2RF402 +356E403 «51TE403
28745, 14B12.8 1 +ELaTHL2 «EOTE+02 +GE5E+03 -~ 3IIBEX0L
39766.5 14812,8 2 +625E402 s USIESL2 + SLOE+OX «137E405
F251{7.6 14812.e 7 NI ITH +BOSE+D2 «512E403 - GB1E+0S
3486347  14812,8 4 s 607702 +61EE+02 «SLUE 03 «292E+05
36919.8 1481i2.8 5 SF 402 «3AGER (2 «SZTE+DT =L B839E+05
3897049 14812,8 5 W5U2FeN2 s B2LE42 «7T25E+03 +307E+07
44022, 0 148412.%8 g U725 Q? + 11 6E+03 W42ZE+03 - IS2EW0N
307341  14842.6 1 «EGLES N2 CUT9E+ (2 +sL34E403 - 103E+404
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Table 2. Details of the Statistical Analysis (Cont)

X

Y

IC

SIG

VAR

0.0
205101
4102.2
_6153,3
8204404
13255.6
1230€4 6
1435747
16418,.8
13459.9
23511.¢§
2256241
24612,2
2666443
26871544
3076845
32817.6
34858,.7
3691 9.8
38971.9
4102240
8307304
340
2054.4
4102.2
LE153.3
8274 44
19855.5
12334.6
14357,7
16400,8
18459,9
2051140
22562: 4.
24613,.2
2666443
287154
31766.5
328176
34868,7
35919,8
33970.4
41022,90
43073,
3.0
2054.1
41%2.2
.8153,3
A204,4
1025545
1230€.6
1urE707
16408,8
18459,9
2951144
22562.14
24613,2

26664,3
28715, 4
30766,5
32817.6
34B68,7
36919, 0
33070,9
4162245
4307341

1E664, 4
1€6€4.4
16654, 4
1€664, 4
1€684, 0
16664 ,4
1€66L, 4
1E664. 4
18664 .4

1€664,4
1ERBL L
16654 .4
166644
1E6EL4 Y
16664 .4
1€684, 4
1€66L,4
166644
166644
18516.¢
18516,0
18516,0
185156,0
18516,1
185169
18516, ¢
18516,¢
18514, 90
18516, 0
18516,0
18516, ¢
185156,0
18516, ¢
1 £516,0
1851%,0
18516,0
18516,¢
18816, "
18516,0
18516,
18516,0
20367.6
20367,6
20267,6
202E7,6
203676
20367.6
2036746
20367,6
20367,6
2(367.6
2036746
20267,6
203hR7,6
20367,6
20267.6
20367.6
2(367,¢6
303626
20367.6
20367,6
20287,6
20367.,6
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1715403
1175403
¢1237403
121E+03
* QEOTE N2
e101F4+03
2 LT 40D
«72LT+02
WTLEEC4D?
W 7755402
«T7REERZ
720402
«727F 402
07285402
07925402
o 710% 40
FLATEN2
ERLEENZ
«5UAT 402
€772402
s hLDT+02
R1OTeE2
«1547+°3
«1252403
1578403
1172407
«i110E+0%
+107°40%
«CRICHIZ
e 7:87¢7E
«7LPEeQ2
+€557+02
«$09T402
WTETE4Q?
«FIPTH02
EETTHI2
$C77C4r2
¢ 72REHN
eEFTRA0N2
o£2675402
e LUZERTZ
WSR5ETHE2
o TTRTHET
o ubtT+0?
«152E4+02
«1P 7403
W1ERT4rT
s ILBRTHNT
«122F 402
«105E+(2
«102E+R
o 7137402
07855402
«104F427
«C7774RC
«TELEFD?
s 7828402
+£I6E402
« 7395602
E60F+ 02
«72UESN2
oELRTHN2
« IONFE N
[ 05 Rak 174
«322E402
e IGEF4N?

¢ U27E+03
¢ 287E403
+26CE+032
+161E+03
2 27GEHG2
«307E402
«230E4(3
« BZEF401
«207E4 02
«B677E4+D2
+51CE4C2
sdLEEDE
13CE4Q2
¢ 2P5E402
«220E402
+E617E+D1
s 4138402
W 227E402
«192E+(2
HLTESD2
« 8205402
JALEE+DZ
+ E4IE403
+165E4+02
TCZE4(2
«2T4E+03
«16FE4 (2
+R26E402
2L IE4L2
«BIE+C2
C452E+02
+ 295E +03
+181E403
+EOLE+D2
« 382E 402
JAZRE4(2
«9RLEH02
« 1645402
«151E402
+601E+02
JiQEE«L 2
«R23E+02
+STIE4L2
BGIE+D2
+700E+02
+234E+03
+10LE+03
0 2LIEHG2
«151E+032
+ 3156403
+6HIE+02
+36EE+D2
«P0EE+03
NPLETY
«EBEEH(2
+592E+02
«521E+02
«20€5403
«29€E+ 03
» 850E402,
+16LE+C3
o A5TE+L2
o ARLE+ 04
W 12€E+02
c1T4ESD2
+LOLE+D2

TA TEST
«8T3E+03 = 762E+08
oUBIE+D3 o ILGE40L
» 3TEE+03 ¢ Q34LE4D3
+S21E+03 «3L1E+03
0‘0‘075"03 "0'4285*0‘0
SSL1E+03 +234E405
«QDEE+403 +116E+08
«3L1E+03 4i13E+03
« 341E+03 «3ULE+D3
+2ATE403 21316404
«418E403 +250E+04
U3ZE+0T =, 80BE403
«361E403 = ,954E402
+523E403 0173Et05
«525E+03 «3U2E+0S
eS60E+03  ~,273E+0S
+3B4E 403 o7STE+04
«2B2E+03 3L TE+D 4
+U3IIEHD3 «872E+03
«365E403 «EBBE+03
« 787E+03 o 343E407
«538E+03 W155E405
«BUTEHT +107E+06
+E54E+0I - ,165E+07
«LBGE+D «17ZE404
«SIZE403 = Z33E402
+SLUE+D3 +6H1E40L
¢ 3LIE403 93286403
«591E+03 «UOLE+DS
+SEB0E4D3 =4 345E404
«360E+03 o4TLESD3
+438E+03 +5E0E403
cU2UE4D3 =, 321E+05
«56BE403 - {134E406
W432E403 <« ,112E40&
«UBRE4DT o4114E400
+USTESOZ «S8EE403
JH16E+03 +199E404
+ G3UEHDD +22LE4D3
«322E403 -4354E+03
«490E+DS «UTTESOL
«L3I76403 -o186E403
«643E+03 «E2ZE40S
«BISEH02 oSITEH0E.
«SHIE+DZ +12EE+05
«3706403 «5QZE+02
cLUIEDT o723E403
<675E402 2025E+06
+LBOE+G3 o101E+0%
+770E+0T -4614E407
L G44E+03 «245E+0L
+3SQE+0T oL2EE4D3
o« 7T0EE+D3T 111407
«4SIEHDI 01386405
+EST7E+03 ~+2c01E406
«LBLE4D3 ~+201E40%
«610E403 o 2LEES(DS
24216403 JE7E40 06
«BLYTE+D3 «2TLE4DE
e TSIE403 oZLAEHD3
JuUSIE+DT «2B80E+D3
+397E482 /73403
«656E+03 +LB2E+0S
«B15E403 +161E406
+569E403 ~oTREE4DS
+599E+03 «102E+06
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Table 2. Details of the Statistical Analysis (Cont)

e

X Y Ic SIG VAR TA TEST
0.0 27219,.2 b4 1RRT4QT «12BE+04 +528E403 +262E405
2051.,1  22219.2 1 +16FEeN3 2 277E4(3 +652E403 +1D7E406
4102,2 22219.2 1 iFOTnR s QL BE4L2 «LE1E¥0T +106E+00
6153,2  22219,2 1 1X1TL07 «36EE+ 02 +652E+03 oHDSEHDE
8204,4 33719,7 4 111774072 2+ Q21E+02 oS3UE4D3 «217E+004
13255.5 2z219,? 1 0119402 22564032 .5505403, - s 2LEE+05
17395.6 2rzis.2 1 T L ¢ Z7EE+ 03 L0« 6TIE40E
14357,7 2221n.2 1 «?7LELQ? «THOE+02 .0395+03 °?3§393
16u08,.8 z219,2 1 787 Fraz o 111E4(2 J7THEEDZ «207E+07
18459,9 22210.2 5 «10354032 «101E403 .B75E+03 __33£+05
20511.0 2221{e,% 1 «QOLELND +ISEE403 «761E+03 o TUZE4DT
22562.1  22212,2 1 70274 Q2 1226403 eSUTEH3 | ~,627E405
Z4617.2 29219.2 1 oPLLTenZ «22CE+G3 «346E403 3626403
2666‘003 2:21902 7 «B8EE4+. T «25(E+(3 +4IBE4DT 078‘45’03
287454 22219, 7 5055407 «GBTEE+0L +6T2E+03 «10TEF06
30766,  22219,2 5 o STREL02 ¢ 1326407 «36TE+4DZ o522E403
3281{7.6 372219,2 5 7075402 «327E403 «51{8E+03 W T2TE4D &
34%68,7 27214,2 e EFLEsDZ +19€£4+03 «576E+D3 *15EE40S
36913.,8  22219,2 ¥ +303%4 02 «9LE6E+01 ¢H3BE+D3  «,294E+0E
23979,9 22219.2 s L1407 «1SEE+C2 «52EE403 +138E405
%1022,0 2z219.2 1 e?4TThLE « 29ZE4(2 +557E403  ~ 200E+04
g}gzg_; 22219.2 1 46T N2 « TE7E+02 +44SE403 «95SE+0Y
1,0 2407048 1 2407403 +BOLE+QZ +54LEL03 «521E+05
L2051.1  24070.8 1 181403 «S4Q0E+Q3 +629E403 L 275€406
Th163,2  2u073.8 1 167762 «29€E403 «7395403 W11EES07
_.6153,3  24070,.8 1 «132%4 02 «181E+03 +594E+03 _S229E+06
TR204.4  24070,.8 1 i127e02 «1BZE4GT 451E403 < IBZEFDG
10255,5 24070.8 1 «137E+ 03 s 2BEESC T +S72E403 SUI9E+DS
13306,6 Fun70.r ‘4 REQTHND 2908402 «615E+03 | [460F+06
14357,7  24070.8 1 e ORRTLQD «32FE403 «7T0E4D3 «USEE+0T
15408.,8  24070.8 4 LAY «14CE4+02 +583E403 o2B1EY0N
18459,9  2u070,8 7 QLTI +151E+07 «EUTE+D3 «79SE4DS.
20511.0 24070, 8 1 ©25%402 « 255E403 «362E403, #520E403
22562,1  24070,8 1 «?ELI4C2 ° RLEE4(2 +4TSEHD3 «E17E403
24613,2  24070.8 7 BT3T402 « J9EE4+0T «66LE+D3 +41BE+06
26664.3  24070,¢ 1 7743402 2 402E4032 UT71E403 «13EE+05
28715.4  24070.8 1 +EE7T402 ¢ TO0E+402 ¢429E403 <, 73IEFD3
23766.5  24072.8 5 +5EET472 «253E+02 «375E+03 o T21E403
3284746  24570. 8 c 241374 "p s BTEEHLY «3LLEH0Z igE40T
3uB68,7  2ug70.k = 4185402 +5C2E+02 «LSOE+B3 +196E+04_
36913,8 7u070.8 5 L1554 02 «1GLE+DZ «524E403 ¢121E+05
33979.9 2u070.8 5 «329%+02 +393E402 +642E+4D3 +173E+06
41022.2  2ug748.8 3 728402 « 82CGE+02 «432E403 +115E404"
43973.1  2uL070.8 i h27¢aQ? «180F402 +520E403  «,Q00E40%
3.8 280224 ? $22LSH0? «BIEE+4D? +587E403 CETEE4)S
_2051.1 2692Z.4 3 dd7uTeET s BS{E+03 2USUE403 o1l AE 0L
4102, 3%d?2,4 1 1708402 « 203403 «77¢E+03 «387E+D7
€163, 250927,4 1 «1755403 + 3162407 «527E+403 +128E205
R205% 4 2€922.4 1 «1073T402 « ML0E+D3 «635E402 .161!:‘4#7
11255.5 2£922.4 4 P24 02 «CE4E+ 02 «525E403 «204E+DS
12%08.6 25922,4 1 +1065402 «160E403 561403 eSTUEID G
14757,7  25922.4 4 «C3uer7 e Z7EE4C3 +620E+03 «239E+06
16403.8 25322,4 1 hAZEACZ +15FE+L 2 +576E4+02 .153£+95
19459.€  2£2922.4 4 WTETTEN? 118402 +635E+402 «160€+07
20511,0 28922,4 ? 0 0337402 0 25CE+0Y «WT3E403 -, F20E404
22562,1 25922.4 1 055402 o 8125402 +7SLE4D3  © J1GS5E4Q7
24€13,2  2592z,4 4 $TITT 403 «ZSEF#02 «S2UE+DZ «CEOE+0L”
28664,F 2£927,4 1 «707%442 «11FE+D3 7525403 «S93E+06
PFIT15.4 2uizo.e : JEETTAnT «ELEEH2 «4B8CE+Q3 «BLEE4D3
3076€.5 25922,4 5 «58RTH02 «ITREHL2 «628E+02 «EQUE+0S
IW17.6  2EQ22,4 > ¢ 1X2E402 « EP7E4Q? +SUBEHIZ - ,114E+05
3a568.7 25822,4 5 «294°402 s 4O TE4 D2 +613E+403 #6S5E405
35914.8 25922,4 s 73402 «7TCELQ2 +53RE+03 «252E+05
3897%.9 28922,4 = 02887452 ¢ SEEE+L2 +75BE+03 « 28 2E407
L1022,0 2792z2.4 5 7005402 «1L7E4Q3 +4SIE+D3 -, 10SE+D4
63071 25922,4 7 AT Z «1Z3E402 «338E+03 «U28E4(3
27




Table 2. Details of the Statistical Analysis (Cont)

X Y 1C SIG VAR TA TEST

0¢0  27774,0 7 2277417 P WET403 .374E402 o ZBEE403
2024,1  27774,0 ‘ JtheTane +FTEEL 2 7376403 +E2BE4D7
419°2,2 27774,0 1 $164°403 W RLFE4DT +S56E403  ~,1C7E+03
6181, 27774,% 1 RETERSS WEIFELQ3 STL2E4D2 «ZBOE407
3gfu,n  27774,¢ 1 TR0 s BLEE4 D JE12E 403 «230E+0E
11753,8  27774,0 1 WIPR7en2 «PNRF4Q3 +518E+02 2 122E+03
123M€.6 2777448 1 $1?174p WOEPE+CT JRTIE4Q2 ~eZ11E4(7
14387,7  2777u,0 1 «11TIenz S 1BFE4 Q3 JU2TE4D3 = 451E403
15473, 8 27774.,9 1 «f147enn 2377EMRT +H12E 493 .16&E+06
13453.3  27774,0 5 WBR2TLR2 4 36TEHCP JUSBEHD3 -~ LTLE+QL
21511.6 27774,.0 = SPTTe2 W ZTEEH (2 « PTSE G2 «2B1E+407
225482,1 2777L, ¢ 4 PR e «TEICEH0Z «4T7E 403 WESTE+0Z
Pu617,7 27774,.0 7 JEORTLgo « 2072402 +254LE+03 +355E403
286AL,T  27774,0 1 s744%4090 W E1PELO2 JL15E+03 «1TEEADY
23713.,4 277274,8 1 4B T4G? CLTIE402 R11E+03 «132E+406
BITEELE 2777442 » L7TTeAC +11€E403 +428E407 +36EE403
247,86 27774,0 1 W32774gp +15EE4+03 «E35E+03 «ELTE+06
q48563,7 27774," = JuEZTar: VE7IEHCS JLEEE4D3  -~L.ETBE40G
35048,2 27774L,0 & e="F eIz W EHEEH(2 «34TE4D3 +32ZE403
T1979,9 27774,0 © IR 0D » TRFE402 J4IEE4DZ -, 354E403
41822,9  27774,0 7 eLI2"ano +15EE+03 W L5EE+D3 A
43871,4  2777u,9 7 287,402 $17LE4G2 +433E+03 «199E400
]l: 29&2?06 1 03’:174’.? .Q’T‘E*l‘3 .?725‘03 '0?225‘07
2051.1 29525,5 1 «134%477 +BORE+03 ¢ BUEE +03 223SE+06
4172.2  26825,.f 1 W1rETeT WAEFE4T JE2Z7E403 +C3ZE+06
8153,2  266265,4 1 WEF777 WTLCELL LISE4D3 #E79E+02
323446 28625,2 1 RIS «2C4E+ 07 «SEEEHD3 =, 472E+405
192535,5  2¢525,6 1 U0 ep +SETE+D? +621E403 «EREES05
122376,6  20875,& 1 RELERY E «262E402 «BS0E+02  ~,173E+05
14257,7  20g7e,¢ 1 S3%aTe, s « 2745403 +756E403 EILELQT
15408,8  2€625,5 1 J7R23 602 1075403 W 7276403 «196E+06
13452,8 2%A25,& : WEYTTeE WPTEEHL2 «S20E+02 eZUBEH)S
2M611.0 295256 1 WET2T4 02 ATTR4Z LL1EE+03 + I37E+0L
275832,1  29675,% 1 3700 19CE+02 JLUEE4D3 «LESE4DL
Z4611,2  20625,4 1 « 5557402 W U5 05402 + 2026403 «P14E+03
25854,  29575,5 1 WFLETHG? «5C1E+G2 +410E403 -4 306E+04
23745,k 26B2%,F - ERTeTE W EHIESTE JTUEE+QR - 7{3E+07
3I765,5  2¢525,4 7 TTIEL]2 «A18E+02 +355E+03 «470E403
37817.6  2€535,5 7 WE3TTnz +E1EE4C2 «696E+02 +ZT9E+06
24853,7  29625,% 4 W56Zieno 11315407 Su7E403 =, uE2E+06
3943, 29625.6 g SYEQTAND JUT7CELD2 «U2SE403 - ,252E406
3MG79,3 29625,5 5 + 7057407 D ULPEHN2 +B51E+02 «336E406
445232,08 2¢635,¢ 1 LTTERED S 41LE4Q7 +E302403 #25EE406
43°73,14  2935,¢ 7 satLis 7 W BLEZEH(Z L2TLEAQZ «758E+03
0.0 31477,2 1 .713F¢032 + 4206403 +476E403 ASUE+0Y
2351,1  T1477,2 1 e137Cen7 $071E4( 2 «7ECE+33 » RITE4D7.
4102,2 S1477.2 1 1267497 «ON25+02 «558E403 «603E+00
51327,3  31677,7 1 1300807 «T7CE+03 +580E+03 «G15E403
320444 31477,2 1 «1225493 W 29RE403 CLITELD3 «132E+04
13258.5 314772 1 W1LTE4"? «237E4(3 +BOLE+D3 «79CSE+05
12306.6  11477,2 1 g0 iens $CIPE41 3 ETEE+DZ +Z0EE+06
14727.7  34477.2 ! «701 7402 LIFE4QT +551E403  -,263E+05
15603,8  31477,2 1 CTRETEDD A7EE+D2 4uEE+D3 «18IE+04
13683,9 21477,2 1 «TOTTg? s1RFE4Q3 «BSTE+03 - 67T4E+0S
2351145  31477.2 ‘ PE40FTz CIEFELDE +LS1E+G3 « BALE+DY
23362.1  31477,2 L LE29T402  (426E402  LG15E403  ,245E+04
26R13,2  T1477,2 1 JEZETHRZ o TTEE+G2 WILELD3 +627E+03
25654,3  34477.2 1 BTy TR o 7R1E4D2 +R77E403 #138E4004
2971,k 31477,2 1 XL « TLEE+02 +X66E+03 «198E+03
30755,5 R1477,2 z £ 3265402 ¢« OT1E+02 «4uBE4D3 o£24E+0Y
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Table 2. Details of the Statistical Analysis (Cont)

i
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Table 2, Details of the Statistical Analysis (Cont)
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7. CONCLUSIONS

In Section 6 we pointed out that the site chosen for characterization is one for
which electromagnetic scattering data is available. We have also discussed how the
procedures of this report were driven by the intention to use the results in rough
surface scatiering calculations. Briefly, the complex dielectric properties of a
geological area, together with knowledge of the mean height, variance in height,
correlation lengih, and PDF for the surface heights is sufficient for the calculation
Jf the specular and diffuse reflection of a radar wave from the surface. The re-
sults of the calculations using the statistical properties will then be compared to
the data of McGarty. 12

The comparison involves several aspects, Computer programs are being
developed which incorporate a number of existing models of rough surface scatter-
ing cross sections,s’ 6,15, 16 into a-more general model for calculating the coher-
ent and incoherent power detected by a monopulse receiving antenna, The scatter-
ing geometry that is used in the model is shown in Figure 2. The terrain statistics
of Table 2 will be used as one input to this program and the results compared with
the experimental values.

Once the characterization approach to terrain scattering analysis yields reason-
able agreement with data, the scattering at ac litional sites can be characterized
and these results used to evaluate site terrain effects in detection and tracking of
low flying targets.

PULSED RADAR BEACON DIRECT SIGNAL

\ MONOPULSE RECEIVER
. — +

SPECULAR MULTIPATH ,
MULTIPATH

ROUGH TERRAIN

Figure 2. Reflection of Radar Waves From Rough ‘ferrain
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Appendix A

The Form of the Jacobian for Some Sets
of Related Variables

In the evaluation of multiple integrals it is often helpful to carry out a change
of variables. This process requires the determination of the Jacobian expressing
the relation between two sets of variables.

In particular we are concerned with the sets of variables (wl. Wos <ees wN)
and {r, 0 1’ 8 90 cees eN-l) and the set of appropriate connective relations., If we
can express these relations such that:

{1) w, is a function of r, Wos eep Wi with r alone varying;
(2) W, is a function of r, 6 p? Wge eeer Wy with 6§ | alone varying;
(N) wyisa function of r, 8 1’ 92. sevs B4 with eN-l alone varying;

then the Jacobian can be expressed as the product of the several partial differential
coefficients for those relations

awl 8w2 8w3 . awN

J= g—- . T -
9y 08, 99, N

$See Edwards, J. (1954) A Treatise on the Integral Calculus, Vol. II, Chelsea
Publishing Company.
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As an illustration consider:
(x, vy, 2)and (r, 0, D) where
x=rsinfcos 9, y=rsinfsing, andz=rcos 8

which we th2n write as
X = r-y -z = r cos 8 y=rsinfsing

each successive relation containing an additional member of the secon¢ set of
variables. Then

J=§r£' g—%'ag=—rzsin9.

For the particular sets of variables with which we are concerned we can estab-

lish a similar series of relations:

[}

1w, rcos 6y g

(2} w

3 rsinfy_,co80y 5

(3 w, rsin ., _, sin BN—Z cos 5 4

(N-1) wysrsinfy sinfy , ... sinf, cos 6,

N

(N) w,o=rsinby_,sinfy ... sin 6, sin 8,.

1
This has the proper form if we rewrite the relation for W, in its equivalent form:

- 2 2 2 _ ... 2
wl-Jr Wy - Wg wN -

Then the Jaccbian for our variables is

_ (oyN-1 N-1 _. N-2 . N-3 a2 .
J=1(-1) r sin 0 -1 Sin On-2 sin” 6, sin 6, .
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Appendix B

Evaluation of the Zeroth and Second Moment
integrals of a Multivariate Exponential
Probability Density

The purpose of this section is to present the mathematical analysis required to
evaluate some particular multiple integrals involving sinusoidal forms. Specific~
ally, the integrations of interest are those required for the evaluation of the zeroth
and second moment integrals for the selected N-variate exponential probability
density.

The zeroth case, the simpler one, involves successive integrals of descending
powers of sine terms. The result is also of value in the more complicated second
moment evaluation.

T al2
Consider that f sinMB dg = 2 f sinM @ df and that we have the relation:
o [
1
Bp,q) = [ P71 (1-097! ax
o

where B(p, q) is the Beta function.
Then for x = sin2 9 anddx = 2s5in 8 cos § dF
72
Blp.q) = 2 [ (sin 0)%P"2 (cos® 9197 sin 6 cos 6 d8
o

and
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i
[ sin™ g a0 =B
[+

M+1
——

For the zeroth moment case we have:

7

[ L. N-2
10(9)-4 sin

8y 40

So,

Now

M+l 1

-~ ,M+1l,
B(T’ ‘E) =1 (—"r)l

which leads tc

10(6)=[B &L hed2. b --é b %)]

1
P-

T 7 w
s N-3 . 2 :
N-1 6[ sin On-2 902 j(;sm 6,46, { sin 8, d@,, .

gy o

(%)/r(mn)

When combined with the
moment is:

2@™2c rm
1=

N-2 ) N-2
e L ELrES..rdHra| T ]
° ?(!f;g r (Eg—l-) r{%) . ;-(?, -

remaining terms the final value for the total zercth

1.

o a0
4.\11\2 Ay (.:2

The evaluation of the second moment is more complex. Since the form is

e—cz[w1

Nt /2 -

2. w

-

a1
2 , 2
* Ve 3"] B

dw N

1

G
W

A
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sets of variables as described in Appendix A.

The new form is:

we must make use of both the Jacobian and the connective relations hetween the two

c © ~C,r
12 1 f rN-t-l e 2 dr
MAg Ay 0
T T
1 N-2 2 . N-3
. [1; cj; sin’ ©@y_qycos” Oy, deN_lc{sm In-290y >
T T 2n

{sin203d83£sin02 0540, [0,

T T "
1 . N z N"3 z N-i .o
- {sxn O5-1 9O n-1 af sin’ © @y _pc08 0y ,d0y o ‘{sm Op-390 3

T 2%
t;{sm o, 92“92‘{ a8,

T 7
1 . N .
+—== }sin" @ do sin
A ({ N-1%9n-1)

]
N-1 (a3
6n-290n 5" {sm 6,d0,

2z

2
fsmG dé
4 1 1]

-




In a similar fashion to the previous case we make use of the relations:

x

-C,r

N+l 2 _ (N+1)
j r e dr = E-ﬁz- N
o

2
E'4

J swMoas =& D),
o

and
T
f sin31 ¢ c052 ¢ d6 = B(E;—I. %) -
o

These substitutions lead to:
2 Cl {N+12?

I,= 1,(0)
2 — N2 72
[“13‘2 Xy C,

where
sk Po L b-na bod
L,(9)= = X —
2
. 7 5B 3
Az
+ x.:
fnenn
Bl L h--5g bsa dsd. b
+ - -
AN-1
54 bed b--5§ boe. hed §
+ = = =
A

B bed b 5G hee bed b

+ -
A1

32(6} is thus a complicated sum of products of Beta functions. It is then necessary
%o evaluate this term. The prosedure involves showing that all the individual
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products of Beta functions are equal, The last term ()\i = Al) is a special case where
none of the integrands contain a cosine term. This will be considered separately.

In the remaining terms, there are (N ~- 1) integrands, one of which has a cosine -
squared factor multiplying some power of a sine function and the others are ex-
pressable as powers of various sine functions. In each successive integrand one
additional sine - squared factor is present compared to the preceding product. This

sug gests that by looking at the general Kth

and (K + 1)St terms and showing equiva-
lence we can demonstrate that all are identical,
The general term is:

. ,
-1 _ N-1 3 N-j+2 1, N-j 1
L0 = Ay B, 3 1T'B““r-'§'ﬂ- B(—1, 5) .

If we consider the differences in form for the Kth

and (K + 1)St terms we find two
in each:

N-K 3

A "B(—"'n Z)B(

N"K"'l _l)
K 2 * 2

N-K+2 1 N-K-1 3
AK'H. = B( 3 s -2') B(—z—' » 5‘) .

The remaining product terms are the Same in both cases. Thus the two terms
will be equivalent if we can show that AK = AK +1° To show this we write the Beta
functions as Gamma functions:

r & rd r(—-g—) rd réroriEd
A =
K~ r<N—§5~3-) r&2) I‘(E;?—l)

r&%s ryrdXhrd rgrg réEgd

A = _
K+1 N-K+3 N-K+2, N-K+3
r K3 p NReE, T &5

So A = Bpit and, in general. consecutive terms will be equivalent. For the

special case of the Nt O‘i = )\1) term, consider that for K = (N - 1) the general
expression is:
3 N-2

Bl
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(151 = —5 'IT 2,0




while for K =N

BG, 1) N2 .
ey =—5= T s, 5.
J:

These two expressions differ only in the form of the initial factors. Since the

Beta function is symmetric with respect to its arguments (as is clearly seen when
it is written using Gamma functions) these final terms are also equivalent and we
have shown that all the products of Beta functions determining 12(9) are equivalent,
Since all the Beta function products are equivalent, we then nave:
N
2¢C, (N+1)! Z A
I, = =l N”)TI‘ BRIl 0.

27 N+2 2
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To simplify we expand the Beta function and obtain:

N/2 N+2 N/2

N;,M BRI Le ™2 2r &)t - N2 wrawen

and hence:

N

2C, F(N+2)E A -1 N/2
= No

2" Ny A, o A C2N+2F(N/2)

This completes the evaluation of the multiple integrals required to specify the
unknown coefficients of the multivariate exponential probability distribution function
for use with the data sets.
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